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Abstract

Formulae expressing explicitly the Jacobi coefficients of a general-order
derivative (integral) of an infinitely differentiable function in terms of its
original expansion coefficients, and formulae for the derivatives (integrals)
of Jacobi polynomials in terms of Jacobi polynomials themselves are stated.
A formula for the Jacobi coefficients of the moments of one single Jacobi
polynomial of certain degree is proved. Another formula for the Jacobi
coefficients of the moments of a general-order derivative of an infinitely
differentiable function in terms of its original expanded coefficients is also
given. A simple approach in order to construct and solve recursively for
the connection coefficients between Jacobi—Jacobi polynomials is described.
Explicit formulae for these coefficients between ultraspherical and Jacobi
polynomials are deduced, of which the Chebyshev polynomials of the first
and second kinds and Legendre polynomials are important special cases. Two
analytical formulae for the connection coefficients between Laguerre—Jacobi
and Hermite—Jacobi are developed.

PACS number: 02.30.Gp
Mathematics Subject Classification: 33C45, 33A50, 42C10, 65L05, 65L.10

1. Introduction

The main feature of spectral methods is to take various orthogonal systems of infinitely
differentiable global functions as trial functions. Different trial functions lead to different
spectral approximations; for instance, trigonometric polynomials for periodic problems,
Chebyshev, Legendre, ultraspherical and Jacobi polynomials for non-periodic problems,
Laguerre polynomials for problems on the half line, and Hermite polynomials for problems on
the whole line. The fascinating merit of spectral methods is their high accuracy, the so-called
convergence of ‘infinite order’.
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Classical orthogonal polynomials are used successfully and extensively for the numerical
solution of differential equations in spectral and pseudospectral methods (see, for instance,
Ben-Yu (1998a, 1998b), Coutsias et al (1996), Doha (1990, 2000), Doha and Helal (1997),
Doha and Al-Kholi (2001), Doha and Abd-Elhameed (2002), Haidvogel and Zang (1979) and
Siyyam and Syam (1997)). In particular, Lewanowicz (1986, 1991, 1992) has developed three
different algorithms for constructing recurrence relations for the expansion coefficients in
Jacobi series solutions for linear ordinary differential equations with polynomial coefficients.
Solutions of such recurrence relations enable one to obtain the spectral approximations in
Jacobi series expansions for the differential equations under consideration.

It is well known (Canuto et al 1998) that the eigenfunctions of certain singular Sturm—
Liouville problems allow the approximation of function in C*[a, b] whose truncation error
approaches zero faster than any finite negative power of the number of basis functions (retained
modes) used in the approximation, as the number (order of truncation N) tends to infinity. The
importance of Sturm-Liouville problems for spectral methods lies in the fact that the spectral
approximation of the solution of a differential equation is usually regarded as a finite expansion
of eigenfunctions of a suitable Sturm-Liouville problem.

It is proved that the Jacobi polynomials are precisely the only polynomials arising as
eigenfunctions of a singular Sturm—Liouville problem (cf Canuto et al (1998), section 9.2).
This class of polynomials comprises all the polynomial solutions to singular Sturm—Liouville
problemson [—1, 1]. Chebyshev, Legendre and ultraspherical polynomials are particular cases
of the Jacobi polynomials. These polynomials have been used in both the solution of boundary
value problems (Fox and Parker 1972, Gottlieb and Orszag 1997) and in computational fluid
dynamics (Canuto et al 1998, Peyret 2002, Voigt et al 1984). In most of these applications
use is made of formulae relating the expansion coefficients of derivatives appearing in the
differential equation to those of the function itself. This process results in an algebraic system
or a system of differential equations for the expansion coefficients of the solution which then
must be solved.

Formulae for the expansion coefficients of a general-order derivative of an infinitely
differentiable function in terms of those of the function are available for expansions in
Chebyshev (Karageorghis 1988a), Legendre (Phillips 1988), ultraspherical (Karageorghis and
Phillips 1989, 1992, Doha 1991), Jacobi (Doha 2002a), Hermite (Doha 2003c) and Laguerre
(Doha 2003b) polynomials.

An alternative approach to differentiating solution expansions is to integrate the
differential equation ¢ times, where ¢ is the order of the equation. An advantage of
this approach is that the general equation in the algebraic system then contains a finite
number of terms. Phillips and Karageorghis (1990) and Doha (2002b) have followed this
approach to obtain a formula relating the expansion coefficients of an infinitely differentiable
function that have been integrated an arbitrary number of times in terms of the expansion
coefficients of the function when the expansion functions are ultraspherical polynomials. The
corresponding formula when the expansion functions are Jacobi polynomials is given in Doha
(2003a).

A more general situation which often arises in the numerical solution of differential
equations with polynomial coefficients in spectral and pseudospectral methods is the
evaluation of the expansion coefficients of the moments of high-order derivatives of infinitely
differentiable functions. A formula for the shifted Chebyshev coefficients of the moments
of a general-order derivative of an infinitely differentiable function is given in Karageorghis
(1988b). Corresponding results for Chebyshev polynomials of the first and second kinds,
Legendre, ultraspherical, Hermite and Laguerre polynomials are given in Doha (1994), Doha
and El-Soubhy (1995) and Doha (1998, 2003c, 2003b) respectively.
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Up to now, and to the best of our knowledge, many formulae corresponding to those
mentioned previously are unknown and are traceless in the literature for the Jacobi expansions.
This partially motivates our interest in such polynomials. Another motivation is that the
theoretical and numerical analysis of numerous physical and mathematical problems very often
requires the expansion of an arbitrary polynomial or the expansion of an arbitrary function
with its derivatives and moments into a set of orthogonal polynomials. This is particularly true
for Jacobi polynomials. To be precise, the Laguerre and Jacobi polynomials, which virtually
cover all the classical orthogonal polynomials, play an important role in various physical
applications. In many cases, the solutions of the Schrodinger equation for simple systems
are expressed directly in terms of such polynomials; for example, hydrogen-like functions via
Laguerre polynomials, rotator functions via the Jacobi polynomials, etc. Since the Hermite
and Bessel polynomials are particular cases of the Laguerre polynomials, and the Chebyshev
of the first and second kinds, the Legendre and ultraspherical polynomials are particular
cases of the Jacobi polynomials, the numbers of such examples may be easily extended.
The Laguerre and Jacobi polynomials also play an important role in approximate variational
solutions of complex many-electron systems, because basis functions in variational methods
are frequently connected with these two classes of special functions. This also motivates our
interest in such polynomials. Another motivation is, once we give the formulae concerning
the Jacobi polynomials, corresponding to those obtained by Doha (1994) for Chebyshev, Doha
and El-Soubhy (1995) for Legendre, Doha (1998, 2002b) for ultraspherical, Doha (2003c)
for Hermite and Doha (2003b) for Laguerre polynomials, the subject of classical continuous
cases will be closed.

The paper is organized as follows. In section 2, we give some relevant properties of
Jacobi polynomials, and state without proofs four theorems from Doha (2002a) and Doha
(2003a). Two of them give explicitly two formulae for the coefficients of a general-order
derivative (integral) of an expansion in Jacobi polynomials in terms of the coefficients of
the original expansion; while the other two express explicitly formulae for the derivatives
(integrals) of Jacobi polynomials of any degree and for any order in terms of the Jacobi
polynomials themselves. In section 3, we prove a theorem which gives the Jacobi coefficients
of the moments of one single Jacobi polynomial of any degree. Another theorem which
expresses the Jacobi coefficients of the moments of a general-order derivative of an infinitely
differentiable function in terms of its Jacobi coefficients is proved in section 4. Results for
ultraspherical, Chebyshev of the first and second kinds and Legendre polynomials are deduced
as particular cases of Jacobi polynomials. A simple approach in order to build and solve
recursively for the connection coefficients between two different families of Jacobi orthogonal
polynomials is described in section 5. Corresponding results for ultraspherical polynomials
and their important special cases are noted. Formulae for the connection coefficients between
Laguerre—Jacobi and Hermite—Jacobi are also developed. An application for solving ordinary
differential equations with varying coefficients, by reducing them to recurrence relations in
the expansion coefficients of the solution, is given in section 6.

2. Some properties of Jacobi polynomials

The Jacobi polynomials associated with the real parameters (¢« > —1, > —1) (see Szegd
(1985)), are a sequence of polynomials Pn(“’ﬂ ) (x)(n=0,1,2,...),eachrespectively of degree
n, satisfying the orthogonality relation

0 m#n

h, m=n

1
/ (1 —x)*(1+x)? P@P (x) PP (x) dx = {
-1
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where
2P P(nta+ DI(n+B+1) n
" Qn+a+B+DnTn+a+B+1)
These polynomials are eigenfunctions of the following singular Sturm-Liouville equation:
A—xD)¢" ) +[B—a—(@+B+2x]p'(xX)+n(n+a+ B+ 1)p(x) =0.
A consequence of this is that spectral accuracy can be achieved for expansions in Jacobi

polynomials. For our present purposes it is convenient to standardize the Jacobi polynomials
so that

Fn+a+1) (=D'T(n+B+1)
n!T'(e+1) n!l'(B+1)

In this form the polynomials may be generated using the standard recurrence relation of
Jacobi polynomials starting from Po(a’ﬂ)(x) = 1 and Pl(“’ﬂ)(x) = %[a — B+ A+ Dx], or
obtained from Rodrigue’s formula

PP (x) = %(1 —x) (1 +x)7PD"[(1 — x)**" (1 +x)P*™]

P*P(1) = PP (~1) =

where
d
A=a+pB+1 = —.
a+p dx
The ultraspherical polynomials are Jacobi polynomials with « = 8 and are thus a subclass
of the Jacobi polynomials. It is convenient to weigh the ultraspherical polynomials so that

n!F(a + %)

C(x) = PO () @)

F(n +o+ %)

which gives C (1) = 1 (n = 0, 1,2,...); this is not the usual standardization, but has the
1

desirable properties that C'? (x) = T, (x), C,gz)(x) = Py(x),and CV(x) = (1/(n+ 1)U, (x),

where T,,(x), U,(x) and P,(x) are Chebyshev polynomials of the first and second kinds and

Legendre polynomials respectively.
Let f(x) be an infinitely differentiable function defined on [—1, 1], then we can write

f) =" a, PP (x) 3)

n=0
and for the gth derivative of f(x),

f(q)(x) — Zar(:q)Prfmﬂ)(x) ar(LO) =a, @)
n=0

it is possible to derive a recurrence relation involving the Jacobi coefficients of successive
derivatives of f(x) . Let us write

d o0 o0
_ g—=1) p(a,p) — @) p(a.B)
- gan‘l PP (x) = gan‘l PP (x)
then use of the identity
2
m+i—DQn+x—1);
+(@—B)(n+r—1)2n+r)DP*P (x)

—(m+a)(n+B)2n+ A+ 1HDPEP (0)] n>1 5)

PP (x) = [+ — 1220 +x - DDPSY (x)

n+l
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leads to the recurrence relation
(n+xr—1) RO (@—p) 2@
Cn+ri—D2n+r—=2) "' Qn+r+DCn+r—1) "
+a+ D)+ +1 1
_ (m+a+Dm+B+1) a? = L g>1 n>1
Cn+2+2)Cn+Ar+1DH(n+2) 2

[ (a+k)
(@)

where ¥ = g, and (a); = is the Pochhammer symbol.

Theorem 1.
n—q
DIPEP () =271 +2)y ) Cogil@+q, B+q.a, BYP (x)
i=0
where
nm+qg+1)ii+g+a+1),_;_L@@+1)
m—i—g)TQRi+r)
—n+q+i, n+i+q+Xx, i+a+1
X3F2 : 1
i+qg+a+1, 20+A+1

Cn—q,i(a +CI, ﬂ +qa o, IB) =

Theorem 2.

oo
@’ =271 (n+i+q+h—DyCrin(@+q. p+q.0 Panig  n>0 g>1

i=0
where
m+i+2g+r—1),(n+a+qg+1);IC'(n+21)
iIr'Q2n+A)
—1, 2n+i+2q+A, n+oa+1
X 3, i1
n+q+a+l, 2n+Ar+1

Criin(@+q,B+q,a,B) =

Let b,(lq), q > 1, denote the Jacobi expansion coefficients of u(x), x € [—1, 1], 1.e.,

oo

u(x) = Zby(l‘I)Pn(a,ﬂ)(x)

n=0

(6)

)

(C))

and let u(x) be an infinitely differentiable function, then we may express the £th derivative of

u(x) in the form

uO) = b PP (x) £=0
n=0
and in particular

u(q)(x) — anpn(a,ﬂ)(x) by = by(,O)
n=0

from (9) and (10) we can write

o0 d o0
(@)~ pp) _ (q—1) p(a,B)
; bl PP ) = X_g b=V p@h) (x)

(10)

Y

12)
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then use of identity (5) with equation (12), leads to the recurrence relation

Lo _ (nt+d—1) pa=D 4 (@ —p) b=
2" Qn+r—2)2n+r—1) "t Cn+r—DRn+Ar+1) "
m+a+D(n+p+1) G=1 g>1 n>1. (13)

S AN 2n+A+ DR A+2) M

Theorem 3. If we define the q times repeated integration of P,fa’ﬁ ) (x) by

qtimes

[6a) () / / ... / PP (x) dx dx - - - d (14)

then
24 n+q

[P ()= — = 3" Cpugnle —q. B —q.a. PP (x) + 7,1 (x) (15)

(}’l —q+t )")q k=q
g=>0n>qg+1 forot=ﬂ=—% qg=0,nz=gq fO"Ol?é_% 0”:85’5_%
where

=g+ ik —gt+a+ D)y Uk +2)
Cn+q,k(a_Q113_q7a713) - (n—k+q)'F(2k+k)
—-n—q+k, n+k—q+a, k+a+1
X3F2 ;1
k—qg+a+1, 2k+A+1

and 74— (x) is a polynomial of degree at most (q — 1).
Theorem 4. Let u(x) be an infinitely differentiable function defined on the interval [—1, 1].

Then the Jacobi coefficients b of u(x) are related to the Jacobi coefficients b, of the qth
derivative of u(x) by

b(q)_zq — 1 Cianle—q.B—q, =q. 16
Z(nﬂ_zq”)q Cion@=q,B=q.ap)  n>gq (16)

Remark 1. It is worth mentioning that we have demonstrated how the differentiated and
integrated expansions (4) and (9) can be applied to solve two-point boundary value problems
by using the spectral Galerkin method. The interested reader is referred to Doha (2002b,
2003a).

3. Jacobi coefficients of the moments of one single Jacobi polynomial of any degree

For the evaluation of Jacobi coefficients of the moments of high-order derivatives of infinitely
differentiable functions, the following theorem is needed.

Theorem 5.

2m
mej(ot,ﬂ)(x) = Zamn(])P](fnf)n(x) m=0 j=0 a7
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with PP (x) = 0,r > 1, where
(=D (2 +2m = 2n+ M0 +m —n+ VD0 +a+ DG+ B+1)
F'G+m—n+a+DI'(G+m—n+p+DI{G+X)

X'“i“(”X'”:‘”’” j+m—n T(j+k+2)
k Xtk — DITGBj+2m —2n—k+r+ 1)

Amn (J) =

k=max(0,j—n)
Ji’i(—1)‘51*(2j+m—n—k—Z+a+1)F(j+m+£—n+,3+1)
= (G—k—ODIT(G—L+a+DIk+L+B+1)

XoFi(j—k—n,j+m+l—n+p+1;3j+2m—-2n—k+r+1;2). (18)

Proof. We use the induction principle to prove this theorem. In view of recurrence relation

2+ 1D + A 2_p?
PP (x) = '(J )(.J ) PP () = — (a ,3.) PR (1)
/ QRj+M)2j+r+1) Qj+r—DQj+r+1)
2(j + i +
AU _pepiy  jz0
Qj+r—1DQ2j+1r) 7
we may write
xPPY = a5 () P () + an () PP () + an() PP (x) (19)

and this in turn shows that (17) is true for m = 1. Proceeding by induction, assuming that (17)
is valid for m, we want to prove that

2m+2
XPED ) =3 i (P (). (20)
n=0
From (19) and assuming the validity of (17) for m, we have

2m
PP () =3 (Darn(G+m —m) P () +an(+m —n) PG (x)

J+m—n+ j+m—n
n=0

+ap(j+m— n) PP (x)].

j+m—n—1

Collecting similar terms, we get
PP (x) = ano(j)ar(j +m) Pkl (x) + [am (f)a(j +m — 1)

J+m+

2m
+ano(jan (j +m)IPil )+ lamn(jar(j +m — n)
n=2

+ap a1 (Nan (G +m—n+1) +apu2(Nan( +m—n+2)1P5l | (x)

+[am 2n (Nan (G — m) + apom—1 (Hann(j —m + DIPEN (x)
+amam(an(i —m)PEh | (x). 1)
It can be easily shown that
Am+1,0(J) = amo(j)aro(j +m)
ame1,1(J) = ami(aw(j +m — 1) + apo(j)an (j +m)
A1 (J) = amn(aro(j+m —n) + app-1(jlan(j+m—n+1)
+amp—2(j)an(j+m—n+2)
A1, 2m+1 (J) = amom (Jan(j —m) + amom—1(j)an(j —m+1)

Amr1 2m2(J) = Auom (J)arn(j —m)
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and accordingly, formula (21) becomes
2m+2

PP () =t a () Plarn e (5)
n=0

which completes the induction and proves the theorem. U

Corollary 1. It can be easily shown that the expansion coefficients a,, (j) of theorem 5 satisfy

the recurrence relation
2

amn(j)=Zam_l,n+k_2(j)a1,2_k(j+m—n—k+1) n=0,1,...,2m (22)
k=0
where
20+ D(j+2)
Qj+1MQ2j+Ar+1)
—(a® — B
Rj+r—DQRj+r+1)
2(j+o)(j+B)
QRj+r—DQ2j+1r)

ay(j) = k=1 ap()=1 (23)

with
am—1,—¢(j) =0 Ve >0 am—1,(j) =0 r=2m-—1,2m.

Corollary 2. It is not difficult to show that

j+m
X" PP () = jZam,ﬂmfn NP j=0 m=0 @4
and -
=3 e OPEI) om0 29
where "~

— 1) 2T (n + A
i (0) = ¢ (m)_n)";l(zn(’:) )R —n)on+ B+ 1204 A+ 1:2) (26)

which is in agreement with Luke (1975), p 440, formula (1).

Corollary 3. The expansion of x’"C](-a) (x) in series of ultraspherical polynomials is given by

m+j

"CO ) = b jam—n (NC (1) o7
n=0
where
) ) (=)= jiml(n + )T (n + 20T (j +a + 1)
m, j+m—n =

nT'(j+20)0(n+a+ 3)
min(n, j)

n I'(j+k+20)
< 2 () -
k/2k(k+m —n)!T(j+2n —k+2a+1)

k=max(0,n—m)

X (D T(j+n—k—L+a+ 3 (+n+a+3)

x ge!(j—k—ﬁ)!F(j—E+a+%)[‘(k+€+a+%)

szl(—(k+m—n),€+n+a+%;j+2n—k+2a+1;2).
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Proof. Expansion (27) follows directly from equation (24), as a special case, by taking « =
and each is replaced by (o — 3), then using relation (2). O

Remark 2. The expansions of x™ T;(x),x"U;(x) and x" P;(x) in series of Chebyshev
polynomials of the first and second kinds and of Legendre polynomials follow from
equation (27) by taking @ = 0, 1 and % respectively.

2r+e

Corollary 4. The expansion of x in series of ultraspherical polynomials is given by

e Qreoll(3) Z s +a+e)(2s + 20 +¢€)

(er)
- 22r+20+e—1T (O[ + %) C2x+e (x)

r—s)!2s+e)!'r+s+a+e+1)

s=0
e=0,1.
Proof. Set j = 0 in equation (27), and after performing some manipulation, we get
X" = bum-n(0)C (x) (28)
n=0
where
—D)""m!T ()T (n + 2«
bm,m—n(o) = ( ) (2) ( )

nl(m —n)12722= 1T (n + )T (o + 3)
1
X 2 Fy <—(m —n),n+oc+§;2n+2a+1;2>.

Taking into account that (Luke (1975), p 272, formulae (12) and (13))
0 for N odd

1
Fi(— ;2a;2) = 2)¥ ’
2Fi (=N, a;2a;?2) (2)@1 for N even )
(a+§)¥

fora #0,—1,-2,..., we see that b, ,,_,(0) = 0 when (m — n) is odd, while
m!(n+ o) (n +20)T (2221)

nl(m —n) 127201 (o + DT (22 + o + 1)

which using the Legendre duplication formula

25710 (z+ )M (@)

r()

m!(n+a)I'(3)T(n +20)

n!(252)12m2e -1 (o + 3T (22 + o + 1)
Finally, writing m = 2r + €, n = 25 + €, where r, s are integers and € = 0, 1 for m even and
odd respectively, expansion (28) reads in this case

bm,m—n (0) =

(m — n)even

'2z) =
can be written in the form

bm,m—n (0) =

(m — n) even.

e _ Qr+e)IT(3) Z Qs+a+Ol2s+20+6) )
22D (o + ) & (r = 5)!2s + )T (r +5 +a+e+ 1) 25
and this completes the proof of the corollary. U

Remark 3. The expansion of x™ in series of Chebyshev polynomials of the first kind 7}, (x)
and of the second kind U, (x) and Legendre polynomials P, (x) follows from equation (28)
directly by takinge = 0, 1 and % respectively.
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4. Jacobi coefficients of the moments of a general-order derivative of an infinitely
differentiable function

Under the assumptions of (4) and (17), and for a positive integer ¢, let

d? f(x) ,
xfW =J9t (30)

and if we write

o0
Iq,K — Zblf],lpi(%ﬂ) (x) (31)
=0
then
Theorem 6
S avsie i (K)a? + 30 apriaei(k + 0all) 0<ist
B = A i ek O + Y gacnaeik+Daly  C+1<i<2-1 (32)
S ecioa Aesae—i (k + Oa ) i =2t

Proof. Equations (7) and (17) and (30) give

00 2¢
170 =3"a” > ar ;PG (). (33)
k=0 =0
By letting i = k + ¢ — j, then (33) may be written in the form
-1 k+¢ o) k+€
190 =% a” Y e OPT 0+ Y a? Y v P (x)
k=0 i=k—¢ k=t i=k—t

=Y+ (34
1 2

where
-1 K+
Z = Za,iq) Z ae,kw—i(k)Pi(a’ﬂ)(x)
1 k=0 i=k—t
o) k+¢
Z = Za,iq) Z a@,k+z—i(k)P,~(a’ﬂ)(x)‘
2 k=t i=k—t
Considering ) , first,
-1 -1 -1 K+t
Y= Y akei P+ Y@ Y answei ) PP (x)
1 k=0 i=k—t k=0 i=0

= Z+Z (35)
TREEE

Clearly,

-1

-1 -1 L—k
Z = Za,iq) Z appse—i (k)PP (x) = Za,iq) Zaz,k+z+i (k) PP (x)
k=0 k=0 =1

11 i=k—t
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hence
Y =o. (36)
11
Now,
k+¢
Z ZG(Q)ZCM ki () PP (x)
-1 20—1 ¢—1
=3 4 OPCP )+ YD aP agiee—i ()PP (x)
i=0 k=0 i=l+] k=i—¢
hence

20—-1

Z > Z & ag e ()PP (). (37)

i=0 k=max(0,i—¢)
Substitution of (36) and (37) into (35) yields
20—1

Z > Z @ ag e ()PP (). (38)

i=0 k=max(0,i—¢)

If when considering 22, one takes k + £ instead of k, then it is not difficult to show that

Z Z Z agar gae-i(k + O PP (x). (39)

i=0 k=max(0,i—2¢)

Substitution of (38) and (39) into (34) gives the required results of (32) and completes the
proof of theorem 6. U

5. Recurrence relations for connection coefficients between different Jacobi polynomials

In this section we consider the problem of determining the connection coefficients between
different polynomial systems. Suppose V is a vector space of all polynomials over the real
or complex numbers and V,, is the subspace of polynomials of degree less than or equal to
m. Suppose po(x), p1(x), pa(x), ... 1is a sequence of polynomials such that p, (x) is of exact
degree n; let go(x), q1(x), g2(x), ... be another such sequence. Clearly, these sequences form
abasis for V. Itis also evident that py(x), p;(x), ..., pu(x) and go(x), g1 (x), ..., gm(x) give
two bases for V,,. While working with finite-dimensional vector spaces, it is often necessary
to find the matrix that transforms a basis of a given space to another basis. This means that
one is interested in the connection coefficients a; (n) that satisfy

() =) ai(n)pi(x). (40)
i=0
The choice of p,(x) and g, (x) depends on the situation. For example, suppose
F'x+1)
'x—n+1)
then the connection coefficients a;(n) are Stirling numbers of the first kind. If the roles of
these p,(x) and g,(x) are interchanged, then we get Stirling numbers of the second kind.

These numbers are useful in some combinatorial polynomials (see Abramowitz and Stegun
(1970), pp 824-5).

pn(x) = x" Gu(X) =x(@x =D (x —n+1) =(=D"(=x), =
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The connection coefficients between many of the classical orthogonal polynomial systems
have been determined by different kinds of methods (see, e.g., Szegd (1985), Rainville (1960),
Andrews et al (1999)). The aim of this section is to describe a simple procedure (based on the
results of theorem 6) in order to find recurrence relations, sometimes easy to solve, between
the coefficients a; (n) when p;(x) = Pl-(y"s)(x) and g;(x) = P“? (x), where P (x) are the
Jacobi orthogonal polynomials. This gives an alternative and different way to compare the
approaches of Askey and Gasper (1971), Ronveaux et al (1995, 1996), Area et al (1998),
Godoy et al (1997), Koepf and Schmersau (1998), Lewanowicz (2002), Lewanowicz and
Wozny (2001), Lewanowicz et al (2000), Sanchez-Ruiz and Dehesa (1998). A nonrecursive
way to approach the problem in the case of classical orthogonal polynomials of discrete
variable can be found in Gasper (1974). Moreover, other authors have considered the problem
from a recursive point of view (see Koepf and Schmersau (1988)), or even in classical discrete
and g-analogues (cf Alvarez-Nodarse et al (1998), Alvarez-Nodarse and Ronveaux (1996)).
Since the connection coefficients a; (n) depend on two parameters i and n, the most interesting
recurrence relations are those which leave one of the parameters fixed. The success of our
procedure depends heavily on whether or not these recurrence relations are of minimal order,
i.e. the shortest ones in order. In cases when the order of the resulting recurrence relation is
1, it defines a hypergeometric term which can be given explicitly in terms of the Pochhammer

symbol (a); = rl(fgg‘) )

5.1. The Jacobi-Jacobi connection problem

The link between P,fy";) (x) and Pi(‘)"’3 )(x) given by (40) can easily be replaced by a linear
relation involving only Pl.(a’ﬂ ) (x) using the Jacobi differential equation, namely

(1 =xHD* P (x)+[8—y — Q+8+y)XIDPYD(x) +n(1+y +8 +n) PV (x) = 0

(41)

by substituting

PP (x) =" a;i(m) PP (x) (42)

i=0

with a,+1(n) = a,(n) = --- = 0. By virtue of formulae (30) and (31), equation (42) takes
the form

=122 4y + I+ 6= +n(l+y +8+m) %0 =0
or

b — b — 24y +8)b + G — )b+ n(l+y +5+m)b?0 =0.  (43)

Formula (32) gives

b*° =a® (n) b0 =a'"(n) b0 = a;(n) i>0 (44)

1

bi't= Y arpaik+ Da ) b= appaitk+agh(m) i >0.
k=i—2 k=i—4
(45)

Substitution of relations (44) and (45) into (43), and making use of formulae (8) and (18)—after
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some manipulation—yields the following recurrence relation:
2 -+ M@ +r+D(m+i+y+5+1)
Qi+AM)QRi+r+1)

a;(n)

B—a)A+D(y+8—a—p)
Ri+A+1D)Qi+A1+3)

2(,3—a)[n(n+y+8+1)—(i+1)(i+k+l)]}

+ ; : a1 (n)

Qi+Ar+1DQRi+A+3)
+2(i+a+2)(i+,8+2)(n—i+y+8—k— Dn+i+XA+2)
QRi+A+3)2i+A+4)
i=n—1,n-2,...,0 (46)

=(i+k+1){y—8+,3—a+

aj(n)

which is of order 2. It is to be noted here that the second-order recurrence relation (46)
generates the coefficients a;(n) = a;(n; «, B, y, ) of (42) by recurring backwards with the
initial conditions given by

F'n+M)I'Cn+y+5+1)

" =a, =0 d n = ’
p+1(n) = ansa(n) an an(n) Fn+M)Tn+y+8+1)

The coefficient a,(n), which only depends on the relative normalization of P,fy";) (x) and
plP (x), has been easily obtained by identification of the highest power in expansion (42).
The solution of (46) is
F'n+y+ DG+ (n+i+y+56+1)
ai(n; o, B,y,8) = — - -
F'i+y+DI'n+y+56+DI'Qi+A1)(n—1i)!
X3P (—(n—i),i+a+1l,n+i+y+5+1Li+y+1,2i+A1+1;1) 47)

which is in complete agreement with that given in Andrews et al (1999), p 357.
If we take y = «, then the 3 F, reduces to a terminating , ', which can be evaluated by
the Chu—Vandemonde formula
(C - a)n
(©)n
The 3 F, can be again summed if 6 = f. Since in this case we get a balanced 3 F, whose value
is given by a Pfaff—Saalschiitz identity

2Fi(=n,a,c;1) =

(c —a)(c — D)y

3F(—n,a,b;c,1+a+b—c—n; 1) =
nl(c)n

Corollary 5. In this connection problem (y = o)

PV (x) =Y " ai(m) P (x) (48)

i=0
the coefficients a;(n) are given by

ai(n) = (1) (o + l)n.(8 — BniW)iRi+A)(+8+n+ 1),  )
(n = D)o+ 1) Mper (n+ A +1);

Corollary 6. In this connection problem (5 = )

PP (x) = Z a (n)Pi(a’ﬂ)(X) e
i=0
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the coefficients a;(n) are given by
@i+ NB+D M)+ By +1D)i(y — @)

a;i(n) = _ (51
(n—=D'B+1Di(Mp1(n+2r+1);

Corollary 7. In this connection problem (6 = y, f = «)

P () =) aim) P (x) (52)

i=0
the coefficients a;(n) are given by
(7 +DaQa+ Di(y +5) (@ +3),(y — @)z

ai(n) = 2 (n —i)even. (53)

5.2. The ultraspherical-ultraspherical connection problem

The link between C(” (x) and C{* (x) can be easily obtained by taking y =8 = v — 4, o =
B=u— % in (42) and returning to relation (2), to get the connection problem

C(x) =Y b (x) (54)
i=0
where
nT(v+ (i +p+1)
i (e + D (n+v+ 1)

a;(n)

and a; (n) satisfy the second-order recurrence relation
m—0DG@+21)E+2u+ D +i+2v) -
a;(n
G+w)Q@i+2u+1)

(i+n+3)—i+20—2u—2)(n+i+2u+2)
+ ; ; ais2(n) =0
(G+pn+2)2i+2u+3)
with the initial conditions

I'n+2uw)'2n +2v)

n = dy =0 d n = .
ap41(n) = ay42(n) an @) = A aw T + 2)
The b; (n) coefficients are given by
PAW) e (0 = W) (4 )2, |
bi(n) = (n —1i)even. (55)

P12V (1) e (550)!
It is worth noting that all the connection problems between Chebyshev polynomials of

the first and second kinds and Legendre polynomials can be easily deduced by taking suitable

values of the two parameters i and v in relations (54) and (55).

5.3. The Laguerre—Jacobi connection problem

In this problem

LY x) =Y a;m)P*” (x) (56)
i=0
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when L’ (x) are Laguerre polynomials, which satisfy the differential equation
xD’LY(x)+ (1 +y —x)DLY (x) +nLY (x) = 0.
The coefficients a; (n) satisfy the fourth-order recurrence relation

®ina;i (1) + Bin@ir1 () + Yinaiz2(n) + 8ipai3(n) + Ninaira(n) =0 i=n—1,n-2,...,0
(57)

where
i+A+]
i _(n_l)l—[<21+k+])

ﬂmz(i+k+1)(i+k+2)[ ii+r—1 A+y)@+A+3)

2(2i+k—2)(2i+k—1)+2(2i+k+2)(2i+k+3)
N (x—B)dn—=2i+A+1D@E+X1+3) :|
2+ A+ DQRI+A+2)Ri+A+3)2i+ A +5)
(B* —a?) . (0 —B)
A42i+2—1DRi+A+1) Qi+A+3)2i+A+5)
1+y (x—pB)2n+Xr+1) m+i+A+2)(+a+2)(+p+2)
{ 2 +2(2i+k+3)(2i+k+5)}_(2i+A+2)(2i+k+3)2(2i+k+4)
m—i—-2)i+a+3)i+B+3)
(2i+A+4)(2i+A+5)2(2i+A+6)}
8m:(i+)\+3)[(i+a+.l)(i+,3+.l)(i+,3+4)_(1+y.)(i+a+3).(i+,3+3)
2QQi+ 2+ 1D)Qi+X1+2) 2Qi+X1+5)Q2i+X1+6)
(x—B)i+a+3)i+B+3)4n+2j+31+9)
_2(2i+A+3)(2i+k+5)(2i+A+6)(2i+k+7)}
4o+ +B+3)(+a+H+B+Hn+i+2r+4)
Nin = Qi+A+5Qi+A+6)Qi+A+T)2i +A+8)

with a@ye(7) = 0,5 = 1,2,3,4 and a,(n) = H}é# The solution of (57) is

yinz(i+k+2)(i+k+3)[

ai(n,a, B,y) =

(=20 + 2 (1 + ), 1
T2 +A) Z(n—k)!(k—i)!(l+y)k

X2 Fi(—(k—i),i+B+1;2i +A+1;2). (58)

Corollary 8. The link between Laguerre-ultraspherical connection problem is given by

LY (x) =Y bim)C* (x) (59)
i=0
where
(D' Qa)i(1+7)n (3)
bi(n) = > 2 (60)

20 N (@); (n—k)!(k—i)!(1+y)k(i+a+1)%'

k=i
(k—i)even

Proof. If we take « = $ and each is replaced by (a - %), then the , F; in (58) can be evaluated
by formula (29). In this particular case, relations (2) and (56) give immediately relation (59),
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where

bl()_F(i+a+%) < 11
T R R

and this with (58) and (29) enables one to get the required formula for b; (n) given by (60).

U
5.4. The Hermite—Jacobi connection problem
In this problem
Hy(x) =Y a;(m) P (x) (61)
i=0
where H),(x) are Hermite polynomials, which satisfy the differential equation
D?>H,(x) — 2xDH,(x) + 2nH,(x) = 0.
The coefficients a; (n) satisfy the fourth-order recurrence relation
®in@i (1) + BinGiv1 (M) + VinGiv2(n) + 8inair3(n) + Ninaisa(n) =0 i=n—-1,n-2,...,0
(62)

where

i+A+]
i _(n_l)l_[<21+k+]>

(@—B)2i —dn—h—1) Ly [ i+A+]
2i+X1+5) l_[< >

Vin=>0+A+2)[0 +A+3)
y [1 Qu+r+2)Qi*+2i(A+4) +a(5+48) + (5 — B) —a® — 12)}

Bin =

4 QRi+A+2)2i+A+3)R2i+A1+5Q2i+A1+6)
(=B +a+3)i+B+3)@+A+3)@n+2i+31+9)
QRi+A+3)Ri+A+5Ri+A+6)2i+A+7)
2+a+3)(@+B+3)([(+a+dH(+p+dHn+i+1+4)
QRi+A+5QRi+A+6)2i+A+T7)2i + A +8)

with @y, (1) = 0,5 = 1,2,3,4 and a,(n) = % The solution of (62) is

Sin =

Nin =

(i) for n even

(=DR2I2n)'T (I + 1) i (—1)72%
r'Qi+x) = n—PI2j—i)!
XoFi(—=Q2j —i),i+B+1;2i+1+1;2)

aj(n) =

(i1) for n odd

(=DI2*1 20 + DITG + 1) Z (—1)i22
T(2i + 1) < (n— )IQ2j—i+1)!

XoFi(—Q2j—i+1D,i+B8+1;2i+1+1;2).

aj(n) =
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6. Application to ordinary differential equations with varying coefficients

Let f(x) be an infinitely differentiable function defined on [—1, 1], and have the Jacobi
expansion (3), and assume that it satisfies the linear nonhomogeneous differential equation of
order n

D o pi) @) = plx) (63)
i=0
where po, pi1, ..., (pn(x) # 0) are polynomials of x, and the coefficients of the Jacobi series
of the function p(x) are known, formulae (8), (17) and (32) enable one to construct in view of
equation (63) the linear recurrence relation of order r, namely

D oja; =pk) k=0 (64)

j=0

where o, oy, ..., (g # 0, # 0) are polynomials of the variable k. An analytical
solution of (64)—such as those given for (46), (57) and (62)—is not generally easy to obtain.
The alternative approach for solving (64) can be obtained by using the well-known methods
of Miller and Oliver as well as modifications and generalizations of these methods (see Jirari
(1995), Luke (1969), Oliver (1969), Scraton (1972), Wimp (1984), Weixlbaumer (2001)).

Remark 4. It is of fundamental importance to note that the recurrence relations (46), (57) and
(62) are minimal (i.e. the shortest in order) for the connection coefficients in (42), (56) and
(61). This minimality is concluded in the connection problems considered just because they
coincide with those given in Godoy et al (1997), displayed in table 1, p 263.

Remark 5. It should be mentioned that our goal here is to emphasize the systematic character
and simplicity of our algorithm, which allows one to implement it in any computer algebra
(here the Mathematica (1999) symbolic language has been used).

To end this paper, we wish to report that this work deals with formulae associated with the
Jacobi coefficients for the moments of a general-order derivative of differentiable functions
and with the connection coefficients between Jacobi—Jacobi and ultraspherical-ultraspherical
and other combinations with different parameters. These formulae can be used to facilitate
greatly the setting up of algebraic systems to be obtained by applying the spectral methods
for solving differential equations with polynomial coefficients of any order, which we hope to
report in a forthcoming paper.

Acknowledgments

The author is grateful to the anonymous referees for their valuable comments and suggestions.

References

Abramowitz M and Stegun I A (ed) 1970 Handbook of Mathematical Functions (Appl. Maths. Series vol 55)
(New York: National Bureau of Standards)

Alvarez-Nodarse R and Ronveaux A 1996 Recurrence relations for connection coefficients between g-orthogonal
polynomials of discrete variables in the non-uniform lattice x(s) = ¢>* J. Phys. A: Math. Gen. 29 7165-75
Alvarez-Nodarse R, Yafiez R J and Dehesa J S 1998 Modified Clebsch—-Gordan-type expansions for products of

discrete hypergeometric polynomials J. Comput. Appl. Math. 89 171-97
Andrews G E, Askey R and Roy R 1999 Special Functions (Cambridge: Cambridge University Press)



674 E H Doha

Area I, Godoy E, Ronveaux A and Zarzo A 1998 Minimal recurrence relations for connection coefficients between
classical orthogonal polynomials: discrete case J. Comput. Appl. Math. 89 309-25

Askey R and Gasper G 1971 Jacobi polynomials expansions of Jacobi polynomials with non-negative coefficients
Proc. Camb. Phil. Soc. 70 243-55

Ben-yu G 1998a Gegenbauer approximation and its applications to differential equations on the whole line J. Math.
Anal. Appl. 226 180-206

Ben-yu G 1998b Spectral Methods and Their Applications (London: World Scientific)

Canuto C, Hussaini M Y, Quarteroni A and Zang T A 1988 Spectral Methods in Fluid Dynamics (Berlin: Springer)

Coutsias E A, Hagstrom T and Torres D 1996 An efficient spectral method for ordinary differential equations with
rational function coefficients Math. Comput. 65 611-35

Doha E H 1990 An accurate solution of parabolic equations by expansion in ultraspherical polynomials Comput.
Math. Appl. 19 75-88

Doha E H 1991 The coefficients of differentiated expansions and derivatives of ultraspherical polynomials J. Comput.
Math. Appl. 21 115-22

Doha E H 1994 The first and second kinds Chebyshev coefficients of the moments of the general-order derivative of
an infinitely differentiable function Int. J. Comput. Math. 51 21-35

Doha E H 1998 The ultraspherical coefficients of the moments of a general-order derivative of an infinitely
differentiable function J. Comput. Appl. Math. 89 53-72

Doha E H 2000 The coefficients of differentiated expansions of double and triple ultraspherical polynomials Ann.
Univ. Sci. Budepest Sect. Comput. 19 57-73

Doha E H 2002a On the coefficients of differentiated expansions and derivatives of Jacobi polynomials J. Phys. A:
Math. Gen. 35 3467-78

Doha E H 2002b On the coefficients of integrated expansions and integrals of ultraspherical polynomials and their
applications for solving differential equations J. Comput. Appl. Math. 139 275-98

Doha E H 2003a Explicit formulae for the coefficients of integrated expansions for Jacobi polynomials and their
integrals Integral Transforms Spec. Funct. 14 69—-86

Doha E H 2003b On the connection coefficients and recurrence relations arising from expansions in series of Laguerre
polynomials J. Phys. A: Math. Gen. 36 5449-62

Doha E H 2003c On the connection coefficients and recurrence relations arising from expansions in series of Hermite
polynomials Integral Transforms Spec. Funct. at press

Doha E H and Abd-Elhameed W M 2002 Efficient spectral Galerkin-algorithms for direct solution of second-order
equations using ultraspherical polynomials SIAM J. Sci. Comput. 24 548-71

Doha E H and Al-Kholi F M R 2001 An efficient double Legendre spectral method for parabolic and elliptic partial
differential equations Int. J. Comput. Math. 78 413-32

Doha E H and El-Soubhy S I 1995 On the Legendre coefficients of the moments of the general-order derivative of an
infinitely differentiable function Int. J. Comput. Math. 56 107-22

Doha E H and Helal M A 1997 An accurate double Chebyshev spectral approximation for parabolic partial differential
equations J. Egypt. Math. Soc. 5 83-101

Fox L and Parker I B 1972 Chebyshev Polynomials in Numerical Analysis (London: Oxford University Press)

Gasper G 1974 Projection formulas for orthogonal polynomials of a discrete variable J. Math. Anal. Appl. 45 176-98

Godoy E, Ronveaux A, Zarzo A and Area I 1997 Minimal recurrence relations for connection coefficients between
classical orthogonal polynomials: continuous case J. Comput. Appl. Math. 84 257-75

Gottlieb D and Orszag S A 1977 Numerical analysis of spectral methods: theory and applications CBMS—NSF
Regional Conf. Series in Applied Mathematics (Philadelphia, PA: STAM)

Haidvogel D B and Zang T 1979 The accurate solution of Poisson’s equation by Chebyshev polynomials J. Comput.
Phys. 30 167-80

Jirari A 1995 Second-order Sturm—Liouville difference equations and orthogonal polynomials Mem. Am. Math. Soc.
113

Karageorghis A 1988a A note on the Chebyshev coefficients of the general-order derivative of an infinitely
differentiable function J. Comput. Appl. Math. 21 129-32

Karageorghis A 1988b A note on the Chebyshev coefficients of the moments of the general-order derivative of
infinitely differentiable function J. Comput. Appl. Math. 21 383-6

Karageorghis A and Phillips T N 1989 On the coefficients of differentiated expansions of ultraspherical polynomials
ICASE Report No 89-65 (Hampton, VA: NASA Langley Research Center)

Karageorghis A and Phillips T N 1992 Appl. Numer. Math. 9 133-41

Koepf W and Schmersau D 1998 Representations of orthogonal polynomials J. Comput. Appl. Math. 90 57-94

Lewanowicz S 1986 Recurrence relations for the coefficients in Jacobi series solutions of linear differential equations
SIAM J. Math. Anal. 17 1037-52



On the construction of recurrence relations for the expansion and connection coefficients 675

Lewanowicz S 1991 A new approach to the problem of constructing recurrence relations for the Jacobi coefficients
Appl. Math. 21 303-26

Lewanowicz S 1992 Quick construction of recurrence relations for the Jacobi coefficients J. Comput. Appl. Math. 43
355-72

Lewanowicz S 2002 Recurrences of the coefficients of series expansions with respect to classical orthogonal
polynomials Appl. Math. 29 97-116

Lewanowicz S, Godoy E, Area I, Ronveaux A and Zarzo A 2000 Recurrence relations for the coefficients of the
Fourier series expansions with respect to g-classical orthogonal polynomials Numer. Algorithms 23 31-50

Lewanowicz S and Wozny P 2001 Algorithms for construction of recurrence relations for the coefficients of expansions
in series of classical orthogonal polynomials Preprint Institute of Computer Science, University of Wroclaw,
online at http://www.ii.uni.wroc.pl/sle/publ.html

Luke Y 1969 The Special Functions and Their Applications vol 1 (New York: Academic)

Luke Y 1975 Mathematical Functions and Their Approximations (New York: Academic)

Oliver J 1969 The numerical solution of linear recurrence relations Numer. Math. 11 349-60

Peyret R 2002 Spectral Methods for Incompressible Viscous Flow (Berlin: Springer)

Phillips T N 1988 On the Legendre coefficients of a general-order derivative of an infinitely differentials function
IMA. J. Numer. Anal. 8 455-9

Phillips T N and Karageorghis A 1990 On the coefficients of integrated expansions of ultraspherical polynomials
SIAM J. Numer. Anal. 8 823-30

Rainville E D 1960 Special Functions (New York: Macmillan)

Ronveaux A, Belmehdi S, Godoy E and Zarzo A 1996 Recurrence relation approach for connection coefficients.
Applications to classical discrete orthogonal polynomials CRM Proc. Lecture Notes 9 319-35

Ronveaux A, Zarzo A and Godoy E 1995 Recurrence relations for connection coefficients between two families of
orthogonal polynomials J. Comput. Appl. Math. 62 67-73

Sanchez-Ruiz J and Dehesa J S 1998 Expansions in series of orthogonal polynomials J. Comput. Appl. Math. 89
155-70

Scraton R E 1972 A modification of Miller’s recurrence algorithms BIT 12 242-51

Siyyam H I and Syam M I 1997 An accurate solution of the Poisson equation by the Chebyshev—Tau method J.
Comput. Appl. Math. 85 1-10

Szegd G 1985 Orthogonal polynomials Am. Math. Soc. Coll. Publ. 23 58-90

Voigt R G, Gottlieb D and Hussaini M Y 1984 Spectral Methods for Partial Differential Equations (Philadelphia, PA:
SIAM)

Weixlbaumer C 2001 Solutions of Difference Equations with Polynomial Coefficients (Australia: RISC Linz Johannes
Kepler Universitit)

Wimp J 1984 Computations With Recurrence Relations (London: Pitman)

Wolfram Research Inc. 1999 Mathematica Version 4.0 Wolfram Research, Champaign, IL



